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^ . Abstract. For a wide class of topological infinite dimensional differential graded Lie 

algebras the complete set of deformations is constructed. It is shown that for several 
deformation problems the existence of a formal power series solution guarantees the 
^N ' existence of an analytic solution. 

(N 

> 

O 

(3 ; 0. Introduction 



■^ I 0.1. In [NR2] Nijenhuis and Richardson developed deformation theory of finite 

^ ■ dimensional differential graded Lie algebras. In particular, for a differential graded 

Lie algebra (L, d) they constructed a versal deformation, which is a precise analogue 
of the versal deformation of a compact complex manifold constructed by Kuranishi 



^ 



O-t. 

D ! ([Kul], [Ku2]). The parameter space of this deformation is a germ of a finite 

'^ ' dimensional analytic variety. This germ is called the Kuranishi space of L. 



a 



'k>( I 0.2. In [GM2] Goldman and Millson defined a notion of analytic differential graded 

;h ' Lie algebra. Namely, a differential graded Lie algebra (L = 0L*, d) is analytic if 

(1) it has finite cohomology in degrees and 1, 

(2) each L* is a normed vector space, 

(3) the maps d : U ^ L*+^, and ada : L* — *> L*+^ (a G L^) are continuous, 

(4) the completion U of U may be decomposed into a direct sum of closed 
subspaces 

where B^ is the image of d in U, 7i* + B^ is the kernel of d in U and 
W C L\ 

For an analytic differential graded Lie algebra Goldman and Millson constructed the 
Kuranishi space, which is a germ of a finite dimensional analytic variety, as in the 
case of finite dimensional differential graded Lie algebras. It is shown in [GM2] that 
the Kuranishi space is invariant under quasi-isomorphisms of differential graded Lie 
algebras. 
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0.3. For a general analytic differential graded Lie algebra it is impossible to define 
the equivalence of deformations and the Kuranishi space may be considered as a 
complete set of deformations only formally. 

In this paper we define an elliptic differential graded Lie algebra to be an ana- 
lytic differential graded Lie algebra such that for any element a & L^ the oper- 
ator ad a : L^ — * L^ generates a one parameter semigroup of bounded operators 
exp(tada) : L^ ^ L^ . The class of elliptic differential graded Lie algebras contains 
such examples as the finite dimensional differential graded Lie algebra, the twisted 
de Rham algebra of differential forms with values in endomorphisms of a flat vector 
bundle over a compact manifold, etc. 

0.4. By an (n - parameter) analytic deformation of a differential graded Lie alge- 
bra {L,d) we shall mean (cf. [NR2]) an analytic map 

m -.U ^ L^ , u 1-^ m{u) 

deflned on a neighborhood t/ of in R"^, such that m(0) = and 

1 

dm{u) H — [m{u) , 'm{u)] = 0. 

For each a G L*^ we define the operator p{a) : L^ ^ L^ by the formula 



p{a) : X 1—^ exp(ada) x 



/ exp((l — t) ad a) dt da. 
Jo 



0.5. We shall say that two analytic deformations m{u) {u & U C. M") and 
m'{u) {u E U' C M"") are equivalent if there exists a neighborhood of zero V C UnU' 
such that for any v E V there exists f E L^ such that p{f) ra{v) = m'{v). If the 
element / may be chosen so that f E A^ we shall say that the deformations m{u) 
and m'{u) are similar. 

0.6. An analytic deformation m : U ^ L^ {Q E U E M") will be called a 
Kuranishi deformation if m{u) E Ti^ ® A^ provided u is small enough. 

The following proposition generalizes a result of Nijenhuis and Richardson ([NR2])| 

Proposition 1. Any analytic deformation of an elliptic differential graded Lie 
algebra is similar to a unique Kuranishi deformation. 

0.7. We use the above result to show that for some deformation problems the 
existence of a formal power series solution guarantees the existence of an analytic 
solution. More precise, we define a formal deformation of differential graded Lie 
algebra (L, d) to be a formal power series 

m{t) = tmi + t^m2 + ■ ■ ■ 

with coefficients m„ (n = 1, 2, . . . ) in L^ satisfying 

1 
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(For simplicity we consider only l-parameter formal deformations. Generalizations 
to the n-parameter case are immediate). Two formal deformations m{t) and ?7i'(t) 
will be called formally similar if there exists a formal power series 

with coefficients /„ (n = 1, 2, . . . ) in A^ G L^ such that 

m'{t) = p{f{t))m{t) 1i'exp(ad/(t))m(i) + li:^MZM(rf/(i)). 

Our main results are the following two theorems: 

Theorem 2. // two analytic deformations of an elliptic differential graded Lie 
algebra are formally similar, then they are similar. 

Theorem 3. For any formal deformation m{t) of an elliptic differential graded 
Lie algebra (L, d) and any integer n there exists an analytic deformation m{t) such 
that 

m{t) = m{t) mod t"". 

Note that in finite dimensional case the above theorems follow directly from 
Artin's result ([A]). 
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1. Elliptic Differential Graded Lie Algebras 

In this section we define the notion of elliptic differential graded Lie algebra, 
which will be the main object of study in the present paper. 

1.1. A graded Lie algebra ([NR2], [GMl]) is a complex vector space L = ©o<i<Ar -^1 
graded by a nonnegative integers, and a family of bilinear maps 

[-,•] :L^ X L^ ^L'+^ 
satisfying (graded) skew-commutativity: 

[a,b] + {-iy^[b,a] = 
and the (graded) Jacobi identity: 

[a,[b,c]] = [[a,b],c] + i-ir[b,[a,c]] 
where a e L'^, b e L^ , c e L^ . 
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1.2. A differential graded Lie algebra is a pair {L,d) where L is a graded Lie 
algebra and c? is a family of linear maps d : U ^> U^^ (0 < i < N) such that 
do d = Q and 

d[a, h] = [da, b] + (— l)'[a, db] 

where a & U, b E L. 

1.3. A normed differential graded Lie algebra ([GM2]) is a differential graded Lie 
algebra (L, d) equipped with a norm \-\i on each L* making L* into a normed vector 
space such that the maps 

d:V^ L^+i 

and 

ada:L^^L^+\ a e L^ 

are continuous. 

Note that in [GM2] the map ada : L* ^ L*+^ a G L^ is demanded to be 
continuous only for i = 1. 

Let L* be the completion of L* for i = 0,1,2,.... The vector space L* is the 
analogue of the smooth i-forms and L* of the Sobolev i-forms. 

1.4. An analytic differential graded Lie algebra ([GM2]) is a normed differential 
graded Lie algebra with finite dimensional co homology in degree and 1, equipped 
with decompositions of each L* into direct sums of closed subspaces: 

L^ = B'®W®A\ (1.1) 

where B^ is the image of (i in L% 7i* + B^ is the kernel of d in L* and 7i* C L\ 
Let f3 : L^ -^ B"^, a : L"^ ^ A^ and H : L^ ^ 7i^ be the corresponding projections. 
We assume that all three projections carry L* into itself and that l3{L^) = dL'^~^. 
Set A^ = A'nL^ and B^ = B'nL\ Obviously, A' = a{L^), B' = (3{L^) and there 
is an algebraic direct sum decomposition 

V = B' + li} + A\ (1.2) 

There exists ([GM2]) a continuous operator 6 : L*+^ -^ L^ such that S{L^~^^) C L^ 
A^ = Im 5 and 

id = H + doS + 6od. (1.3) 

1.5. We remind ([Ka] Ch. IX) that a family of bounded linear operators U{t) : 
L^ ^ L^ depending on a parameter t (0 < t < oo) is called a quasi-bounded 
one-parameter semigroup if U{0) = id, 

U{ti + ts) = U{ti)U{t2) (0 < ti, t2 < oo), 

and there exist numbers C > and (3 such that 

\\U{t)\\<Ce^' (0<t<oo). (1.4) 

In this case the strong limit 

t^+0 t 

exists and is a densely defined operator L^ ^ L^. We shall say that T generates 
the semigroup U{t) and write U{t) = exp(tT). 

The description of the class of operators which generate a quasi-bounded one- 
parameter semigroup may be found in [Ka] Ch. IX §1.4. Note that any bounded 
operator belongs to this class. 
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1.6. Definition. By an elliptic differential graded Lie algebra we shall under- 
stand an analytic differential graded Lie algebra (L, d) such that for each a E L^ 
the operator ad a generates a quasi-bounded one-parameter semigroup of operators 
exp(tada) : L^ —^ L^ depending continuously on a G L*^, i.e. for any e > there 
exists a neighborhood [/ of in L^ such that for any a E U and for any < t < 1 

II exp(tada) — i(i|| < £. (1-5) 

Here || ■ || denotes the standard norm on the space of operators acting on the Banach 
space L^. 

1.7. Remark. In many examples (cf. section 1.8) the operators ada : L^ ^ 
L^ (a G L^) are bounded. In this case exp(tada) is given by a convergent power 
series 

exp(tada) = >^ — -(ada)*. 

6. 

i=0 

Hence any analytic differential graded Lie algebra of this type is elliptic. In partic- 
ular, any finite dimensional differential graded Lie algebra is elliptic. 

We finish this section with an example of an infinite dimensional differential 
graded Lie algebra. 

1.8. The twisted de Rham algebra. Let M be a compact n-dimensional 
manifold and S a fiat vector bundle over M. The vector bundle End{S) inherits 
the fiat structure from S. The twisted de Rham algebra is the differential graded 
Lie algebra 



{L,d) = (^A\M,End{£)),d 



i=0 

of all forms on M with values in the bundle End{S). 

Fix s G M and equip the space A^{M,End{S)) {0 < q < n) with (s — q)-th 
Sobolev's norm. Then, by the classical Hodge theory, the algebra (L, d) is analytic. 
Since the map 

A^{M, End{£)) x A^(M, End{S)) -^ A\M, End{£)), 
{a,x) ^^ [a,x\ 

is continuous this algebra is elliptic (cf. Remark 1.7). 

2. Deformations of Elliptic Differential Graded Lie Algebras 

In this section we define the notions of analytic deformations of elliptic differen- 
tial graded Lie algebras and of analytic equivalence of two analytic deformations. 

2.1. Let {L,d) be an elliptic differential graded Lie algebra. The equation 

da+ -[a,a] = 0, a e L^ (2.1) 

is called a deformation equation ([NR2]). We denote by M C L^ the set of solutions 
of (2.1). For any m & M the derivation dm = d + adm : L ^ L satisfies the 

„j-; — J ; n tlt .„ ^-^ i:a j-;„i „„„J — j t ;„ „i„„i — „ rr j ^ ;„ a„c. 1 



6 MAXIM BRAVERMAN 

By an (n - parameter) analytic deformation of a differential graded Lie algebra 
{L,d) we shall mean an analytic map 

m : U ^ M, u i-^ m{u) 

defined on a neighborhood [/ of in M"^ such that to(0) = 0. The trivial map 
ra{u) = defines the trivial deformation. 

2.2. Fix a G L^, xq G L^ and let x{t) denote the solution of the inhomogeneous 

differential equation 

dx 

— = [a, x] — da, x{0) = xq. (2-2) 

Obviously, 

d + ada:;(t) = exp(tada) o (rf + adx(O)) o exp(— tada). 

We shall denote by p(a) the map p{a) : xq t-^ x{l). By [Ka] Ch. IX §1.5 p{a) is an 
affine transformation of L^ given by the formula 



p(a) : xo ^-* exp(ada) xo — / exp((l — t) ada) dt 



da. (2.3) 



Formally one can rewrite (2.3) as (cf. [GMl] §1) 



/ — exp(tada) 

p[ta) X = exp[t 3id a) x -\ [da). (2.4) 

ad a 



2.3. Let Q denote the group of affine transformations of L^ generated by the 
operators p(a) with (a G L^). 

Two elements m,m' E M are called equivalent if there exists g E Q such that 
g{m) = m' . If the element g may be chosen so that g = p{f), f E A^ then the 
elements m and m' are called similar. Note that the similarity is not an equivalence 
relation. 

Two analytic deformations m{u) {u E U C M"") and m'{u) {u E U' C M") 
are called equivalent (respectively, similar) if there exists a neighborhood of zero 
V G U nU' such that for any v E V the elements m{v) and m'{v) are equivalent 
(respectively, similar). 

3. The Kuranishi Space 

In this section we shall extend the Kuranishi's theory of locally complete families 
of complex structures ([Kul], [Ku2]) to arbitrary elliptic differential graded Lie 
algebras. For finite dimensional differential graded Lie algebra this theory was 
developed by Nijenhouis and Richardson ([NRl], [NR2]). In [GM2] the formal 
analog of this theory was developed for an analytic differential graded Lie algebras. 
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3.1. The Kuranishi map F : L^ ^ L^ is a quadratic map defined by 

1 

F{a) = a-\ — 5[a, a]. 

We observe that F{L^) C L^. It is shown in [GM2] (Lemma 2.2) that there exist 
balls B and B' around in L^ such that F is an analytic diffeomorphism B -^ B' . 
The Kuranishi space /C C H^ is defined by 

IC= laeB'nn^ : H[F-\a),F-\a)] = o|. 



Let 



Y = {aen^ ®A^ : da + -[a,a] = O}. 



The following theorem is proven in [GM2] (Theorem 2.3) 

3.2. Theorem. F induces a homeomorphism from a neighborhood of in Y to a 
neighborhood of in IC. 

Since /C C 7i^ C L^ and F{L^) C L^ it follows from this theorem that Y C L^. 

3.3. We shall say that the set X C M is a locally complete set of deformations if 
there exists a neighborhood U G M of the origin such that any m E U is equivalent 
to some element of X. Kuranishi ([Kul],[Ku2]) showed that in the case of the 
Kodaira-Spencer algebra the set Y is locally complete. We shall show that it is also 
true for an elliptic differential graded Lie algebra. In fact, we need a bit stronger 
result. 

3.4. Lemma. Let {L, d) be an elliptic differential graded Lie algebra. Then there 
exist a neighborhood UofOin M , a neighborhood V of Q in L^ and a neighborhood 
W of in A^ such that for any ra E U and any s E V there exists a unique element 
f E W such that 

p{s) o p{f) (m) G Y. 



Proof. Let ^ : L^ x L^ x L^ ^ L^ he the map defined by the formula: 

^{x^a.s) = p{s) o p(a) (x) — X + da + / exp((l — t) ads) <it ds, 

Uo 

where x E L^ and a E L^. We need to find / and m' such that 

to' = p{s) o p{f) (to), 
/g1°, m'En^®A\ 

Denote I = df + m' . Then (3.2) is equivalent to 



(3.1) 



(3.2) 



m 



/ exp((l — t) ads) dt 
Jo 



ds + $(to, 5/, s), 



(3.3) 
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It follows from (2.3) and (1.5) that there exist a neighborhood [/ of in M, a 
neighborhood V^ of in L^ and a neighborhood VF of in ^4*^ such that for any 

m E U, any s E V and any 1,1' E W 



m — 



/ exp((l — t) ads) (it 



(is + $(m,5/,s) G VF 



and 



1 

|$(m,5/,s) - $(m,(^/',s)|i < -|/ - /'|i. 



(Remind that by | ■ |i we denote the norm on L^). Then for any tti E U,s E V the 
equation (3.3) has a unique solution / G VF given, say, by iterations 



/('^+i) 



m — 



exp((l — t) ads) dt 



Uo 



ds + ^{m,5l'^''\s 



/(I) = m - / exp((l - t) ad s) dt 



ds. 



The lemma is proved. D 

3.5. An analytic deformation m : U -^ M {0 E U G M"^) of an elliptic differential 
graded Lie algebra is called a Kuranishi deformation if m{u) G Y for any u E U. 

Note that the element f E L^ defined by (3.3) depends analytically on m. Hence, 
we obtain the following 

3.6. Corollary. Let ra : U ^ M (0 E U C M"") be an analytic deformation of 
an elliptic differential graded Lie algebra (L, d) and let s : U —^ L^ be an analytic 
map. Then there exist a neighborhood V C U of in M"" and a unique analytic 
function f : V ^' A^ such that /(O) = and 



p{s{u))op{f{u)){m{u))EY, 



ueV. 



Setting in the above lemmas s = we obtain the following: 

3.7. Proposition. 1. Let {L,d) be an elliptic differential graded Lie algebra. Then 
there exists a neighborhood U ofO in M such that any element m E M is similar to 
a unique m' E Y . In particular, Y = [a E H^ (B A^ : da + ^[a, a] = O} is a locally 
complete set of deformations. 

2. Any analytic deformation of an elliptic differential graded Lie algebra is sim- 
ilar to a unique Kuranishi deformation. 



4. Formal Theory 

In this section we shall show that for some deformation problems the existence 
of a formal power series solution guarantees the existence of an analytic solution. 
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4.1. By a (1-parameter) formal deformation of a differential graded Lie algebra 
(L, d) we shall understand a formal power series 

m{t) = tmi + t^m2 + ■ ■ • 

with coefficients m„ (n = 1, 2, . . . ) in L^ satisfying 

dm{t) + - [m{t) , m{t)] = 0. (4.1) 

Note that any analytic deformation may be considered as a formal one. 

Two formal deformations ra{t) and m'{t) are called formally equivalent if there 
exists a formal power series 

f{t)=tf^+t^f2 + --- 

with coefficients /„ (n = 1, 2, . . . ) in L'^ such that (cf. (2.4)) 

m'it) = p{f{t))m{t) •'=i'exp(ad/(t))m(t) + l^-^^^^lM{df{t)). (4.2) 

If f{t) in (4.2) may be chosen so that 

/n e 1° (4.3) 

for any n = 1, 2, . . . , we shall say that the deformations m{t) and m'{t) are formally 
similar. 

A formal deformation m{t) — trrii + t^m2 + ■ ■ ■ is called a formal Kuranishi 
deformation if 

m;, G 7^^ © A^ (4.4) 

for any n = 1,2,.... 

4.2. Lemma. Let m(t) = tmi + t^m2 + ■ ■ ■ be a formal deformation of an elliptic 
differential graded Lie algebra (L, d) and let s{t) = tsi +t^S2 + ■ ■ ■ be a power series 
with coefficients in L^ . Then there exist a unique formal Kuranishi deformation 
m'it) = tm'i + t^m'2 + • ■ ■ and a unique power series f{t) = tfi + t^/2 + ■ ■ ■ with 
coefficients in A^ such that 

m'{t)=p{s{t))op{f{t)){m{t)). (4.5) 

Proof. Let "^ : L^ x L^ x L^ ^ L^ be the map defined by the formula 

\l/(a;, a, s) = p{s) o p(a){x) — x + da + ds. 

The formal power series /(t) and m'{t) satisfy (4. 3), (4. 4) and (4.5) if and only if 
the formal power series l{t) = tli + 1^/2 + • ■ ■ = df{t) + ra'{t) satisfies the equation: 

l{t) = m{t) - ds{t) + ^{m{t),6l{t),s{t)). (4.6) 

As the formal power series \l/(m(t), Sl{t), s{t)) does not contain summands of degree 
< 2 in t, the equation (4.6) defines the coefficients In of l{t) recursively 

I'n ^ '"n{,1^lT • • • 7 l^n'i I'll • • • i '"n—l'i ^It • • • -i ^n) i 77.= !,/,... 

Hence, there exists a unique formal solution l{t) of (4.5). D 

rnu„ f„ii ; — , „ 11. — ,. ;„ j-U„ e — ..„„i . — „i — , „f „;j-; — o t 
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4.3. Corollary. Let m{t) = mi+t^m2 + - ■ ■ be a formal deformation of an elliptic 
differential graded Lie algebra {L,d). Then there exists a unique formal Kuranishi 
deformation m'{t) = m'l + t^m'2 + ■ ■ ■ which is formally similar to m{t). 

The above lemma together with corollary 3.6 implies the following 

4.4. Theorem. // two analytic deformations of an elliptic differential graded Lie 
algebra are formally similar, then they are similar. 

Proof. Let analytic deformations m'{t) and m"{t) be formally similar and let /(i) = 
t/i + 1^/2 + ■ • • be the formal power series with coefficients in A^ such that m'{t) = 
p{f{t)) {m"{t)). We shall show that the power series f{t) converges in a neighbor- 
hood of 0. 

By proposition 3.7 there exists e > and an analytic function s{t) G L^ defined 
for t e (—5, e) such that s{0) = and 

p{sit))im\t))eY, te{-e,e). 

Then 

p{s{t))opifit)){m"{t)) 

is a formal Kuranishi deformation. ^ 

By corollary 3.6 there exists < 6 < e and an analytic function /(t) G A^ 
defined for t G (— 5, 6) such that 

p{s{t))op{f{t)){m"{t))eY, te{-S,S). 

The uniqueness statement in lemma 4.2 implies f{t) = f{t). D 

4.5. Theorem. For any formal deformation m{t) of an elliptic differential graded 
Lie algebra (L, d) and any integer n there exists an analytic deformation m{t) such 
that 

m{t) = m{t) mod T. (4.7) 

Proof. Let m'{t) be the unique formal Kuranishi deformation equivalent to m{t) 
and let f{t) = tfi + t^/2 + ■ ■ ■ be a formal power series with coefficients /„ G L° 
such that 

p{fit))m{t) = m'{t). 

Denote 

m'^{t) = tHm[ + t^Hm'2 H . 

Then m'^ (t) is a formal power series with coefficients in the finite dimensional space 
Ti^. By theorem 3.2 the series m'{t) is a formal Kuranishi deformation if and only 
if m'^ satisfies the system of analytic equations 

H[F-\m'J,F-\m:)]=0. (4.8) 

By Artin's theorem [A] there exists an analytic solution m^{t) G 7i^ of (4.8) such 
that 

m^{t) = m'^{t) mod t". 

Denote m"{t) = F~^{m^{t)). Then m"{t) is an analytic Kuranishi deformation. 
The deformation 

m{t) = p{-tf, -t^f2 r- Vn-i) (m"(t)) 

is an analvtir dpfnrma.tinn and sa.tisfips M 7V H 



deformation of infinite dimensional differential graded lie algebrasii 
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